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Equations for the correlation of viscosity of liquid binary and ternary mixtures were derived
from the Eyring’s theory of absolute reaction rates and from the three-molecule model of
viscosity interactions. Another equation for the correlation of viscosity of binary mixtures
was derived from the same theory and from the four-molecule modcl. Equations for the cor-
relation of viscosity of binary and ternary mixtures were further derived from the quasi-crystal-
Jine model of liquids with the use of some relations of the kinetic theory of gases. The derived
equations involve the same number of coefficients as the corresponding equations of McAllister
or Chandramouli and Laddha and moreover are linear with respect (o these coefficients.

Contemporary theories of the liquid state are in comparison with those of the gas
and solid states inaccurate and incomplete. Relatively imperfect knowledge of the
structure of liquids and hence imperfect general theory of the liquid state do not
enable to derive an exact method for determining the viscosity of liquids including
liquid mixtures. Therefore, various approximate methods were proposed, most
of which correlate the viscosity of liquid mixtures with the properties of pure sub-
stances and with thermodynamic parametets that characterize the interactions among
the individual components' ~®. These methods are usually based on Eyring’s theo-
1y°~ ! which is founded on chemical kinetics.

The following equation, which was derived by McAllister'? from Eyring’s theory
and model concepts about the structure of a binary liquid mixture, seems to be most
accurate:

Inv, = x3Inv, + 3x3x;In vy, + 3%,x3 In vy, + x3Inv, —
= In(x; + x,M,[My) + 3xtx, In [(2 + Mo/M)[3] +
+ 3xxd In [(L + 2M4/M,)[3] + x3 In (M2[M,) , (1
Wwhere x,, x,, v,, v,, M, M, denote molar fractions, kinematic viscosities, and molar

Masses of pure components 1 and 2, and v, is the kinematic viscosity of the mixture.
Eq. (1) contains two coefficients, v,, and v,;, which are independent of the com-
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position but depend on the temperature and must be determined from experimental
data for viscosities of the liquid mixture.

According to certain authors'®*~'3, Eq. (/) is valid with an average error of less
than 2%, standard deviation less than 2:5%, and this even for ccrtain binary systems
where the hydrogen bonds undergo a change during formation of a mixture from
pure components.

Eq. (1) was generalized to ternary mixtures by Chandramoufi and Laddha'®,
who derived ifi a similar manner as McAllister'? (from Eyring’s theory and model
concepts) the following equation:

Inv, =xilnv, + x3Inv, + x3Invy + 3xIx, Inv,, +
+ 3x,x3In vy, + 3xixylnvyy 4 3x,x2Invy + 3xixylnv,;y +
+ 3x,x3 In vy, + 6x,x,%;5 In vy, — In (x, M, + x,M, + x3M,) +
+ x}In M, + x31n M, + x3In My + 3xix, In [(2M, + M,)[3] +
+ 3xixy In [(2M, + M,)[3] + 3xix, In [(2M, + M,)[3] +
+ 3x3x3 In [(2M, + M3)/3] + 3x3x, In [(2M, + M)[3] +
+ 3x3x, In [(2M5 + M,)[3] + 6x,x,%;5 In [(M, + M, + M,)[3]. (2

Eq. (2) involves six binary coefficients v;; Which can be calculated from experimental
data for the corrcsponding binary subsystems, and one ternary coefficient v,,;
which corresponds to the given system and depcnds on the temperature.

In cleven ternary systems (the hydrogen bonds did not change), studied by Heric
and Brewer!”, Eq. (2) is valid with a standard deviation less than 1-33% and maximum
error less than 3-21%. Mussche and Verhoeye!® found a standard deviation of about
1%.

Eqs (/) and (2) are rather complicated and therefore, in practice, simpler equations
are preferred for the calculation of viscosity of liquid mixtures® 1% which are,
however, less accurate and in some cases even not applicable at all. Our aim was
to derive for this purpose new equations which would fulfil the following conditions:
They would be simpler than Eqs (/) and (2) and would not involve more coefficients
than these, they would be linear with respect to these coefficicnts, and they would be
practically as accuratc as Eqs (/) and (2). Their derivation is given below.

Derivation of Equation Based on the Three-Molecule Model
of Viscosity Interactions for Binary Mixtures

According to Eyring and Frenkcl'"'2°, the viscosities of pure components 1 and
are given as '
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Viscosity of Nonelectrolyte Mixtures 3?1

Ny = kTt o, 0, = kTTz/’)z » (3“7117)

where k denotes Boltzmann’s constant, T absolute temperature, v, and v, volumes
occupied by a molecule of substance 1 or 2. The relaxation times of flow, 7, and T,,
arc given as

ty = (WAT)exp (Ag/kT), 75 = (H[KT)exp (Ag3[kT), (4a,b)

where h denotes Planck’s constant, Agy and Ag3 molecular activation free energies
of viscous flow of the components 1 and 2. Analogously, the viscosity of the liquid
mixture is given as

n, = kTt,[v, (5)
where
7, = (BkT)exp (Ag] [kT). (6)

The quantities n,, 7,, and Ag;" represent the properties of the mixture.

The molecule 1 or 2 passes during its translation motion from one equilibrium
position into another; at the same time it surmounts the energetic barrier. Simultane-
ously, a moving molccule interacts with molecules 1, 2, or with some combination
of these, according to the local concentration. For the sake of simplicity, we shall
restrict ourselves to a simultaneous interaction of three molecules, A, B, C. Let
a molecule B to move between A and C (for a binary mixture, A, B, and C will be
either 1 or 2). If all threc molecules are number 1, then the interaction is of the
type 111, i.e., it represents a pure substance 1 and corresponds to the relaxation
time of flow t,. Similarly, the interaction 222 represents the pure substance 2 and
corresponds to the relaxation time of flow 7,. Other interactions are of a mixed
type and are given in Table I. If we assume that in a binary mixture with a molar
fraction x; the molecules of substances 1 and 2 are distributed randomly and their
number is statistically large, the probability of the interaction 111 will be equal
to x{. Similarly, we can express the probability of other interaction types, which are
together with the relaxation times of flow given in Table I. The relaxation times
of mixed types of interactions are defined as

7415 = (WKT)cxp (Ag{,a/kT), (7a)
T2y = (BKT)exp (Ag 1o [kT), (7b)
Ty22 = (BKT)exp (Mg T fKT), (7¢)
312 = (h[KT)exp (Ag3,[KkT), (7d)
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where Ag{,, etc. are molecular activation free energies of viscous flow for the cor-
responding types of interactions. If we assume that the probability of the occurrence
of a given interaction depends only on the concentration and that the relaxation time

TasBLE T
Relaxation Times of Flow 7 and Interaction Probabilities P

Interaction type

Three-molecular interactions, binary mixtures

111 7,

112, 211 T2
121 T2
221, 122 122
212 212
222 7,

Three-molecular interactions, tcrnary mixtures

111 T

222 75

333 73

112,211 T112
121 Ti21
113, 311 Ty13
131 Ty
223,322 Ty23
232 7232
221,122 7122
212 Tyy2
331,133 Ty33
33 313
332,233 7333
323 323
213, 312, 123, 321, 132, 231 723

Four-molecular interactions, binary mixturcs

1111

2222

1112, 1211, 2111, 1121

2211, 2112, 1212, 1221, 2121, 1122
2212, 2221, 2122, 1222

1
T2
Tit112
T1122
74222

lexg
2
X X3

S

X2
4x3x,
ﬁxfx%
4x,x3
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of flow of the mixture, 7,, is an additive function of the relaxation times for the in-
dividual interaction types, we can write
T, = XiTy 4 2X9X;Ty00 + X1XyT; + 20, X005
+ X X5t + X1, (8)
On rcarranging and with the simplifying assumptions
T1a = (27142 + Tm)/3, 121 = (2155 + szz)/3 (9a,b)
we obtain
T, = X117y + 3x1x,7y, + 3x,x27,, + x31,. (10)

Here 7y, is the flow relaxation time for simultaneous interaction of two molecules
“1” and one molecule “2”; and t,, vice versa. The viscosity coefficients n,, and n,,
are defined as

Ny = kT(0}0)) 74Py, 1y = kT(0,03) 31y, . (11a,b)
On substituting Eqs (3a,b), (J0), and (I1a,b) in (5) and rearranging we obtain

7, = xi Vx'h/Vz + 3”12"3"2('/31/2/‘/3)‘/3 +

+3n, x5 (M VIV + x3Vama|V, . (12)

Here we have introduced molar volumes V;, V,, V, of components 1 and 2 and
of their mixture. From the physical point of view, the mentioned substitution cor-
responds to the formation of a fictitious binary solution by mixing the components
Land 2 with two hypothetical solutions in which only interactions of two molecules
»1”” with one molecule ,,2”” and of two molecules ,,2” with one molecule ,,1” take
place, re'spective]y. Therefore, it appears more adequate to replace the molar volumes
Vi and V, by partial molar volumes ¥, and ¥,; further we shall use the substitution

0y =xV[V,, ¢2= szz/Vz, (13a,b)
where ¢, and ¢, are volume fractions of components 1 and 2:

Hy = x%‘/’l'h + 3'712"1()‘1"2’/’7‘!’2)”3 +
+ 3’121"1("%"1(?1(4’%)”3 + X301 - (14)
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This is the final form of the correlation equation. The coefficients 1,, and 7,; ate
characteristic for the given binary system and depend on the temperature, but not
on the composition. They have the dimension of dynamic viscosity and their cal-
culation requires the knowledge of the viscosity of the binary mixture at least for
two compositions.

Derivation of Equation for Viscosity of Ternary Mixtures
from Trimolecular Model of Viscosity Interactions

To derive an equation for the correlation of viscosity of ternary mixtures, based
again on Eyring’s theory of absolute rcaction rates, we supplement the starting
equations (Sa,b) by a new one for component 3:

Ny = kTryfv. (3¢)

We assume again the validity of the two-dimensional trimolecular model; for the
ternary mixture we have A, B, C equal to 1, 2, or 3. If the molecules of components
1, 2, and 3 are distributed randomly in the mixture and their number is statistically
large, we can express the probabilities of the individual interactions similarly to the
preceding case. All types of interactions with the corresponding relaxation times
of flow and probabilities are given in Table 1. If we assume that the probability
of a given interaction depends only on the concentration and that the relaxation
time of flow of the mixture is an additive function of the relaxation times for the
individual types of interactions, we can write '

3 2 2
T, = X310y + X350y + X313 + 2X1%07T 02 + X1XoTya +
+ 2x} 2 2x2 2
X1X3T113 + X1X3Ty3q + 2X3X37T223 + X32X3T232 +
Tk 2XX3T105 + XX3Ta5 F 2XX3T 33 + XyX3Ty5 +
Xy X2Ty22 T X1 X2T2y2 X3X3Ty33 T X1X3T313
2x,%3 3 6 15
+ 2X3X3T233 + XpX3T353 + 0X1X2X3Ty23 (

Further steps of the derivation are similar to the preceding case (compaxe ref.2!
for details). The final correlation equation is:

N, = X1y + X3pan; + X303M3 + 311,2x1(x1x Q’1‘Pz)1”
+ 3205(%1%20,03)" + 3% (x x50t 0s)' P +
+ 3131%3(xTx30,03)" + 3naaxa(x2x30303)" +
+ 3052%3(x3%20203) "> + 6n125(x3x3x3010203) "2 (16)
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The six binary coefficients #;; can be calculated from measured viscosities of the cor-
responding binary mixtures. They arc identical with those in Eq. (/4) for the cor-
responding binary subsystem. Eq. (16) contains, in addition, a ternary coefficient,
7y23, which depends on the temperature, but not on the composition of the system.

Derivation of Equation for Binary Mixtures from Four-Molecular
Three-Dimensional Model of Viscosity Interactions

The three-molecular model of viscosity interactions does not always appear sufficiently
adequate. Especially if different molecules differ considerably in their size, inter-
actions of more than three molecules must be considered. According to McAllister!?,
the four-molecule model is preferable when the ratio of diameters of two molecules
is larger than 1-5; simultaneous interactions of seven or eight molecules are possible
in mixtures with a low concentration of the component of a larger diameter.

Further we use the four-molecule model, since models involving interactions
of more than four molecules lead to very complicated equations. Interactions of four
molecules, A, B, C, and D, can be imagined in space so that one of them moves
perpendicularly to the plane in which the remaining three molecules lie. For binary
solutions, A, B, C, D will be numbered as 1 or 2. All types of interactions, the cor-
responding relaxation times of flow and the probabilities of individual intcractions
are given in Table 1. The relaxation time of flow 1, ,, means the mean value of relaxa-
tion times for interactions of three molecules ““1” and onc molecule ““2”’; analogously
7112, Is the mean value of relaxation times [or interactions of two molecules 1
and two “27, and 7,,,, is the mcan value for interactions of one molecule “1” and
three ““2”, As in the preceding cases, we assume that the relaxation time ol flow of the
mixture is an additive function of the relaxation times for the individual interaction
types, hence

T, = XiTy + dxixaTyyg, + 6x3x3Ty 125 + 4%,X3T4225 + X375 . (17)
We proceed similarly to the derivation of Eq. (14) to obtain

N, = Xjp,m + 4r],“2xf(x1xg<pf(p1)”" + 6'1112zx1x2(x1xz‘1’1‘l’2)”2 +
+ x302112 - (18)

+ 415520%5(x1%20,03) "7

This correlation equation involves three binary coefficients defined as:
Ni1s2 = [ET)(0302)"*] 10000 Mia2z = [£T)(v303)""*] 71122 (19a,b)

Ni222 = [kT/(v,vi)”"] Ty222+ (19‘5)

Collection Czechoslovak Chem. Commun. [Vol. 46] [1981]



336 Skubla :

The coefficients #, 5, #1122, and #;,,, depend on the temperature but not on the
composition of the given system. They have the dimension of dynamic viscosity
and their determination requires the knowledge of the viscosity of a binary mixturc
at least at three compositions.

Derivation of Equation for Viscosity of Binary Mixtures
from Quasicrystalline Model

Most theories of the liquid state assume that the liquid has a quasicrystalline struc-
ture. The arrangement of moleculcs around each molecule in the liquid is statistically
equivalent, hence the probability of occurrence of a molecule in a given distance
from another molecule is independent of their positions in the liquid. We shall
assume that the molecules are arranged in a cubic lattice and the distance, 4, between
their centers can be expressed as

4= (V[N (20)

The molecules vibrate around their equilibrium positions and the transfer of mo-
mentum from one lattice plane to another is caused by collisions of those molecules
which have a large amplitude, so that they reach the neighbouring plane.

We now shall apply some relations from the kinetic theory of gases to this model.
In the case of transfer of moment of momentum in the mixturc we can writc the fol-
lowing equation for the distance 4,:

4, = 22,3 = (V,/N)'7, (21)

where 1, is the mean free path of a moleculc in thc mixture. Its mean velocity ,
can be expressed as

i, = 3n,lot, , (22)

where g, is the density of the mixture. As will be obvious from further text, it is
irrelevant whether we use Eq. (22) or the cquation of Chapman??, which differs
from the former by the constant equal to 2-:004 instead of 3.

On the assumption that only simultaneous collisions of threec molecules participate
in the transfer of momentum, we can apply the three-molecular model to the binary
mixture (Table I); the individual types of interactions will be represented by simul-
taneous collisions of three molccules. If the molecules of the types 1 and 2 are ran-
domly distributed in the mixture, their number is statistically large and the colli-
sion probability depends only on the concentration, and if we assume that the mean
velocity of molecules in the mixture is an additive function of mean molecular
velocities corresponding to the individual types of collisions, we can write
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i, = x?ﬁ, + 3xix,iiy, + 3x,X30,, + X3y, (23)

where iy, #y,, il5y, il, denote mean molecular velocities in such hypothetical liquids
where only the following simultaneous collisions take place: three molecules ““1*;
two molecules 1’ and one “2”’; two molecules “2” and one “1”; and three molecules
g

The mean molecular velocities in Eq. (23) are given as

iy = 3’71/91’-1 , Uy = 3'72/0212 B (24a,b)
Uyy = 3’1'112/912/112 , Wy = 3'1’z’|/921/121 ’ (24C,d)

where 77, and n}, are coefficients of viscosity. The mean free paths are given by the
equations

A= I'S(V,/NA)”3, Ay = l'S(Vz/NA)”:’, (25a,b)
Ay = LS(Via[NA'?, day = 1:5(Vyy [Ny)'2 . (25¢,d)

By substituting Egs (21), (22), (24a—d), and (25a—d) into (23) and using the equa-
tions

Q12 = Mu/Vu > @21 = Mz1/Vz1 s (26‘“[7)

with
Vip = (ViV)'3, ¥y = (V'3 (27a,b)
My, = (M + My)[3, My = (M, + 2M,)[3, (28a,b)

we obtain the equation

n, = (Mxy + szz) V;Z/J[X?'llVlzls/Ml + 3’7’1275%"2(1/51/2)2/9 +

+ Jﬂ;|x1x§(Vl V§)2/9 + xz'IzV%/J/Mz] ’ (29)
where 77}, and 13, are defined as
N2 = ”,IIZIMIZ , Mo = ’121sz1 . (30a,b)

Asin the derivation of Eq. (14), also in this case it is more appropriate from the physi-
cal point of view to replace the molar volumes of components in Eq. (29) by partial
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molar volumes. Thus, we obtain the final equation

Ny = (Mlxl + szz) [XZ/]‘Pf/J'h/Ml + 3'7,1le(xilaxgu‘/’?”(/’%”)”l +
+ 305y xa(x1Px3P0 i 93P) 1P 4+ %3R3, [M,] (31

The coefficients n\, and 55, depend on the temperature but not on the composition.

Derivation of Equation for Viscosity of Ternary Mixtures
Sfrom Quasicrystalline Model

The derivation of a correlation equation for ternary mixtures is based on the same
model of quasicrystalline liquid structure as in the preceding case and also on the
kinctic theory of gases. We assume that momentum is transferred only in simultane-
ous three-molecule collisions which can occur in different types given in Table 1.
The individual interaction types will be in this case represented by simulatenous
collisions of three molecules. On similar assumptions as in the preceding section,
we can write for the mecan molccular velocity in a three-component mixture the
equation

= 3- 3= 3= 2. = 2= 2. =
U, = Xyiy + X3i, + X3is + 3xi{xX30,, + 3x,X30,, + 3x{x3H3 +

+ 3x X303, - 3X3x303 + 3X,X305, + 6x,X,%;30 55 - (32)

Further we proceed as in the preceding case (for details see ref.?’). The final correla-
tion equation is

n, = (Myx; + Myx, + M3x3) [ﬂ’“wf“m/Ml + ";”‘Pi”'h/Mz +

+ x3P03Pna My + 3niox(xixietel) " +

+ 3nhxa(x1x30703)"° + 3n\ax,(xixleted)'? +

+ 3n5xa(x1x30i0) ! + 3nhax,(xixielel) +

+ In3ax3(x3x30303)" " + 60\ a(x1X2%3)""° (9010203)*°] . (33)

This equation involves six coefficicnts 7;;, which depend for the given system on tem-
perature but not on composition. They are identical with the binary coefficients
of Eq. (3/) for the corresponding binary subsystems. The ternary coefficient 7,3
in (33) also depends on temperature but not on composition.

It is interesting to compare Eq. (12) with (29): although they were derived on the
basis of different theories, they are similar in form. Eq. (29) differs from (72) in that
it involves molar masses of the components and that the volume quantities in it
are raised to a power of 2/3, their influence being thus smaller.
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Eqs (14), (16), (18), (31), and (33) are simpler than the corresponding equations
of the cited authors!?'16, although they contain the same numbers of coefficients,
which arc moreover in a lineat form,

A comparison of the derived equations with experimental data and with the equa-
tions of McAllister, Chandramouli and Laddha will form the subject of our next
work?3.
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